We prove that a Banach space X has the metric approximation property if and only if F (Y, X) is an ideal in L (Y, X * * ) for all Banach spaces Y . Furthermore, X * has the metric approximation property if and only if for all Banach spaces Y and all Hahn-Banach extension operators φ :
Introduction
In [2] Godefroy, Kalton, and Saphar introduced and studied the notion of an ideal. Recall that if X is a closed subspace of a Banach space Y , then X is an ideal in Y if the annihilator of X in Y * , X ⊥ , is the kernel of a norm one projection on Y * . If X is a subspace of a normed space Y , then we say that X is an ideal in Y if the norm closure of X, X, is an ideal in Y .
A linear operator φ : X * → Y * is called a Hahn-Banach extension operator if (φx * )(x) = x * (x) and φx * = x * for all x ∈ X and x * ∈ X * . The set of norm-preserving extensions of x * ∈ X * is denoted H B(x * ), and we denote the set of all Hahn-Banach extension operators φ : X * → Y * by H B(X, Y ). It is easy to see that X is an ideal in Y if and only if H B(X, Y ) = ∅. Indeed, if P is a norm-one projection on Y * such that X ⊥ = ker P , and if i : X → Y is the identity map, then P = φ • i * for some φ ∈ H B(X, Y ). In [9] (cf. Theorem 5.2) Lima, Nygaard, and Oja obtained the following characterization of the metric approximation property for dual spaces.
Theorem. Let X be a Banach space. The following statements are equivalent.
(a) X * has the metric approximation property.
(see Theorem 3.7) . In Section 4 we show why there is no mention of the approximation property in Section 2. We show that a result similar to Lemma 2.1 does not exist for the approximation property.
Let us fix some notation. We let F (Y, X), K (Y, X), W (Y, X) and L (Y, X) denote the Banach space of all finite rank, compact, weakly compact and bounded operators, respectively, whenever X and Y are Banach spaces. I X denotes the identity operator on X. If X is a Banach space then B X is the closed unit ball of X and S X is the unit sphere of X. For a set Z ⊂ X, its norm closure is denoted by Z, its linear span by span Z, and its convex hull by conv Z.
We consider only Banach spaces over the real field R.
Metric approximation property and ideals of operators
Banach spaces Y whenever X has the metric approximation property. In [14] it was proved that these two conditions are in fact equivalent. Our first result is a slight improvement of the metric version of Johnson's result. 
Proof. We only show the implication for the metric approximation property, the case with compact operators is similar.
Assume X has the metric approximation property. Let (T α ) ⊆ F (X, X) be a net such that sup α T α ≤ 1 and T α → I X uniformly on compact subsets of X.
Let Y be a Banach space. Define
. . , n, and thus T − U α 0 (T ) < ε for all T ∈ B F . By the local formulation of ideals (see [1] , or f.ex. [7] or [8] 
Remark 2.2. Every Banach space X is an ideal in its bidual X * * , and the natural embedding i : X * → X * * * is a Hahn-Banach extension operator, i ∈ H B(X, X * * ). U α in the proof above may be written as U α (T ) = T * * α •i * •T , and it is clear that we may replace X * * in the lemma above with any Banach space containing X as an ideal.
Next we will extend some results from [14] 
for all x * ∈ X * , z ∈ Z, and T ∈ B(Y, X * * ).
Proof. Using the local uniform rotundity modulus of Y (see e.g. [16, p. 460] ) it is easy to show that every z ∈ S Z is is a weak * -denting point in B Y * * . Thus we may use Lemma 3.1 in [11] , and get that for all x * ∈ X * and
Given z ∈ Z we choose a z * ∈ Y * such that z * (z) = 1. Using (1) we may define a Hahn-Banach extension operator φ z ∈ H B(X, X * * ) by letting
for all x * ∈ X * and T ∈ B(Y, X * * ).
Following [13], given ∈ H B(A (Y, X), B(Y, X
* * )) and φ ∈ H B(X, X * * ), we will write
with equality for all T ∈ B(Y, X * * ) as above. It is easily seen that each Y φ is a closed, possibly trivial, subspace of Y , and that if ψ ∈ H B(X, X * * ) is another Hahn-Banach extension operator and
Thus far we have shown that for every z ∈ Z there is a φ z ∈ H B(X, X * * ) such that z ∈ Y φ z . Let us note that Lemma 1.1 in [13] remains true if we use it on
If {φ i : i ∈ I } is a subset of H B(X, X * * ), with all φ i different, and if z i ∈ Z φ i are such that i∈I z i = 0 and i∈I z i < ∞, then z i = 0 for all i ∈ I by Lemma 1.1 in [13] .
Assume for contradiction that φ 1 , φ 2 ∈ H B(X, X * * ) are different with Z φ 1 and Z φ 2 both non-trivial. Now pick z i ∈ Z φ i , i = 1, 2, with z i = 0, i = 1, 2. Let z 3 = −(z 1 + z 2 ). From the first part of the proof we see that there exists a φ 3 
This shows that all φ z , with z ∈ Z and Z φ z non-trivial, are equal.
The next theorem is a generalization of Theorem 3.3 in [14] .
Theorem 2.4. Let X and Y be Banach spaces, and let A and B be closed operator ideals satisfying
Proof. Let Z be a separable subspace of Y . Proceeding as in the proof of Theorem 3.1 in [14] , using Lemma 2.3, we find a ∈ H B(A (Y, X), B(Y, X * * )) and a ψ ∈ H B(X, X * * ) such that
for all x * ∈ X * , z ∈ Z and T ∈ B(Y, X * * ). Note that the proof of Theorem 3.1 in [14] refers in large parts to the proof of Theorem 2.3 from [13] .
Arguing as in Lemma 3.2 in [14] , we find that the set
which is compact in the product weak*-topology. From the proof of Theorem 3.3 in [14] it is now clear that there exist a φ ∈ H B(X, X * * ) and a ∈ H B(A (Y, X) ,
for all x * ∈ X * , y ∈ Y , and T ∈ B(Y, X * * ).
We will now show, given a Banach space X, that if A (Y, X) is an ideal in B(Y, X * * ) for all Banach spaces Y , then there is a φ ∈ H B(X, X * * ) which works for all Y . We shall soon make this precise (see Theorem 2.5), but first we introduce some notation. For each Banach space Y , let [13] shows that F Y is weak * -compact. The idea is now to show that the set {F Y : Y Banach space} has the finite intersection property.
The proof of our next theorem follows exactly along the lines of the proof of Theorem 2.4 in [13] , which is similar, so we will not include it here. for all x * ∈ X * , y ∈ Y , and T ∈ B(Y, X * * ).
Remark 2.6. It is clear, from the proofs and from [13] , that in Lemma 2.3, Theorem 2.4, and Theorem 2.5 we may replace X * * with any Banach space containing X as a closed subspace.
We conclude this section with the main result so far. 
for all x * ∈ X * , y ∈ Y , and T ∈ L (Y, X * * ).
(c) There exists a ∈ H B(F (X, X), span(F (X, X), {I
for all x ∈ X, x * ∈ X * , and T ∈ span(F (X, X), {I X }).
Proof. Combining Lemma 2.1 and Theorem 2. 
Approximation properties for dual spaces
In this section we prove that if we in Theorem 2.7 replace "there exists φ ∈ H B(X, X * * ) such that. . . " with "for all φ ∈ H B(X, X * * ) . . ." and require that the equality in Theorem 2.7 (b) holds for all y * * ∈ Y * * , not just all y ∈ Y , then we get a property which is equivalent to X * having the metric approximation property (see Theorem 3.10). We also obtain a similar "for all" characterization of the approximation property for X * (see Theorem 3.7). In [12] (cf. Theorem 3.2) Lima and Oja obtained the following characterization of the approximation property for dual spaces. 
(c) For all reflexive Banach spaces Y and all
Remark 3.2. Theorem 3.2 in [12] also states and proves that X * * in Theorem 3.1 may be replaced by any Banach space which contains X as an ideal.
In [11] (cf. Theorem 4.6) it was proved that for a Banach space X, F (Y, X) is an ideal in W (Y, X * * ) with "nice" Hahn-Banach extension operators for all reflexive Banach spaces Y whenever X * has the approximation property. We shall now remove this reflexivity condition using (b) in Theorem 3.1 to construct "nice" Hahn-Banach extension operators also for general Y . 
, and
which means that J α X∩Z → J X∩Z in the weak operator topology. By choosing a new net, still denoted (J α ), of convex combination of (J α ) we may assume that J α X∩Z → J X∩Z in the strong operator topology. Since (J α ) is bounded, J α → J uniformly on K F . Choosing α 0 large enough and defining U(T ) = J α 0 • (T ) for T ∈ G, we get the desired operator.
Using the Lindenstrauss compactness principle with ideas from [4] (see also [5] ) we will now construct a Hahn-Banach extension operator with nice properties from the "locally nice" extensions in Lemma 3.3. 
for all y * * ∈ Y * * , x * ∈ X * , and T ∈ W (Y, X * * ). 
. Q H is linear and has norm one, and using the assumptions on U G we get
for all x * ∈ X * , y ∈ Y , and T ∈ K (Y, X * * ).
Proof. (a) ⇒ (b). Assume that X * has the approximation property. From Theorem 3.1 (b) we see that the assumption of Lemma 3.3 is fulfilled. The assumption in Lemma 3.5 is the conclusion of Lemma 3.3 and the conclusion of Lemma 3.5 is (b).
(b) ⇒ (c) is trivial.
(c) ⇒ (a). Proceeding as in Lemma 1.4 in [9] , we define a projection P by P = • i * , where i :
It is easily seen that this implies condition (c) in Theorem 3.1.
Remark 3.8. From Remarks 3.2, 3.4, and 3.6 we see that in the above theorem X * * may be replaced by any Banach space containing X as an ideal.
As the following example shows, the "for all φ"-part in Theorem 3.7 is necessary. Although we work with a concrete space in the example the essential ingredient is the existence of a Banach space X with the metric approximation property such that X * does not have the approximation property.
Example 3.9. Let X = 2⊗π 2 . The Banach space X satisfies the following.
(i) There exists a φ ∈ H B(X, X * * ) with the property that for every Banach
for all x * ∈ X * , y ∈ Y , and T ∈ W (Y, X * * ).
(ii) (i) is not satisfied for every φ ∈ H B(X, X * * ). In particular, φ cannot be the natural embedding of X * into X * * * .
Proof. It is well-known that X has the metric approximation property (X = ( 2⊗ε 2 ) * is a dual space with a basis). By Theorem 2.7, there exists a φ ∈ H B(X, X * * ) satisfying (i). Theorem 3.7 above says that X * has the approximation property if and only if such a exists for all φ ∈ H B(X, X * * ) or just for the natural embedding. However, in [18] Szankowski showed that X * = L ( 2 , 2 ) does not have the approximation property, and thus we have (ii).
We conclude this section with a metric version of Theorems 3.1 and 3.7 complementing Theorem 2.7. The next theorem should also be compared with the version of Theorem 5.2 in [9] cited in the Introduction. Remark 4.6. We have already noted that a result similar to Lemma 2.1 cannot be true for the approximation property. There are Banach spaces X with the metric approximation property such that their duals do not have the approximation property, Example 3.9 provides one example of such a space. Thus it follows that the property "F (Y, X) is an ideal in W (Y, X * * ) for all Banach spaces Y " is strictly between "X has the approximation property" and "X * has the approximation property". It should also be noted that Example 4.1 in [12] shows that F (Y, X) being an ideal in K (Y, X * * ) for all Banach spaces Y does not imply the approximation property for X * . However, if X has the unique extension property then the two are in fact equivalent (cf. [12, Corollary 4.2] ).
